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1. Introduction
Topological spaces are assumed to be connected for the study of cut points. By a space we shall mean a nondegenerate
(i.e. having at least two points) topological space. A cut point of a space X is a point x such that X − {x} is disconnected.
It is of special signiﬁcance in the theory of cut points for connected spaces whether there exist non-cut points. If a space
has at least two non-cut points, we say that the non-cut point existence theorem holds for the space. This theorem does
not hold for every connected space as the real line and the Khalimsky line [6] are connected spaces where the non-cut
point existence theorem does not hold. Thus there arises a question of ﬁnding subclasses of connected spaces where the
non-cut point existence theorem holds for every member of the subclass. For compact Hausdorff connected spaces, the non-
cut point existence theorem is proved by R.L. Moore in 1920’s (see [7]). Whyburn [8] proved the non-cut point existence
theorem for T1 compact connected spaces. In view of applications of cut points (see [6]) and the fact that many connected
topological spaces that play an important role in the study of cut points (like the Khalimsky line) are not T1, the assumption
of separation axioms is avoided as far as possible. The non-cut point existence theorem is proved in [4] for H(i) connected
spaces (the concept of H(i) is weaker than compactness and no separation axiom is assumed) and thus strengthens the
non-cut point existence theorem (Theorem 3.9, [2]) for compact connected spaces. The non-cut point existence theorem is
proved in [5] for connected spaces having only ﬁnitely many closed points.
In this paper, some characterizations of COTS with endpoints and some characterizations of the closed unit interval are
obtained. Notation and deﬁnitions are given in Section 2. The main results of the paper appear in Sections 3, 4, 5 and 6.
In Section 3, we prove that a connected space is a COTS with endpoints iff it admits a continuous bijection onto a space
with endpoints. It is proved that if X is a connected space having only ﬁnitely many closed points such that the removal
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H ∪ {a,b} is homeomorphic to a ﬁnite connected subspace of the Khalimsky line. We show that if Y is a proper non-empty
connected subset of a subset H of a connected space X such that H − Y ⊂ ct X and there is no proper connected subset of
X containing H , then H ⊂⋃{S[yi, zi]: i = 1,2, . . . ,n} for any distinct points y1, y2, . . . , yn and z1, z2, . . . , zn in H . If X is
an H(i) connected space such that the removal of any two-point disconnected set leaves the space disconnected, then, for
a,b ∈ X and a separating set H of X − {a,b}, H ∪ {a,b} is a T1/2H(i) COTS.
In Section 4, we show that every H(i) subset H of a connected space X such that there is no proper connected subset
of X containing H , contains at least two non-cut points of X . This proves that if a connected space X has an H(i) subset H
such that there is no proper connected subset of X containing H , then there is no proper connected subset of X containing
all non-cut points of X . Thus we obtain a characterization of COTS with endpoints, i.e. we prove, for a connected space X ,
X has at most two non-cut points and has an H(i) subset H such that there is no proper connected subset of X containing
H iff X is a COTS with endpoints. This settles a question asked by the referee in [4].
In the study of cut points, a topological property which is hereditary can be of help, but connectedness itself is not
hereditary. So we consider a weaker form of it, called cut point hereditary. A topological property P is said to be cut point
hereditary if whenever a space X has property P , then, for every cut point x of X , there exists some separation Ax|Bx
of X − {x} such that each of A∗x (= Ax ∪ {x}) and B∗x (= Bx ∪ {x}) has property P . In Section 5, we prove, for a cut point
hereditary property P and a subset H of a connected space X such that X has property P and there is no proper connected
subset of X having property P and containing Y , that if H is H(i), then H contains at least two non-cut points of X .
This proves that if a connected space X has an H(i) subset H such that there is no proper connected subset of X having
property P and containing H , then there is no proper connected subset of X containing all non-cut points of X . This gives
another characterization of COTS with endpoints, i.e. for a cut point hereditary property P , it is shown that for a connected
space X having property P , X has at most two non-cut points and has an H(i) subset H such that there is no proper
connected subset of X having property P and containing H iff X is a COTS with endpoints. In Section 6, we obtain some
characterizations of the closed unit interval.
2. Notation, deﬁnitions and preliminaries
For notation and deﬁnitions, we shall mainly follow [4]. For the sake of completeness, we have included some of the
standard notation and deﬁnitions. By a space we shall mean a topological space containing at least two points.
A space X is called H(i) if every open cover of X has a ﬁnite subcollection such that the closures of the members of
that subcollection cover X . Being a separation A|B of a space X means that A and B are non-empty subsets of X which
are both either open or closed in X with their union X . If A|B form a separation of a space X , then we say that each one
of A and B is a separating set of X . A point x of a space X is called a cut point if there exists a separation of X − {x}. ct X
is used to denote the set of all cut points of a space X . Let x ∈ ct X . A separation A|B of X − {x} is denoted by Ax|Bx if
the dependence of the separation on x is to be speciﬁed. A∗x is used for the set Ax ∪ {x}. Similarly, for a connected subset
Y of X − {x}, Ax(Y ) is used to denote a separating subset of X − {x} containing Y , A∗x(Y ) is used for the set Ax(Y ) ∪ {x}.
If Y = {a}, we write Ax(a) for Ax(Y ) and A∗x(a) for A∗x(Y ). A connected space with X = ct X is called a cut point space. Let
a,b ∈ X . A point x ∈ ct X − {a,b}, is said to be a separating point between a and b if for some separation Ax|Bx of X − {x},
we have a ∈ Ax and b ∈ Bx or conversely. S(a,b) is used to denote the set of all separating points between a and b. For
x ∈ S(a,b), we shall write X − {x} = Ax(a) ∪ Bx(b) for some separation Ax|Bx of X − {x}. If we adjoin the points a and b to
S(a,b), then the new set is denoted by S[a,b]. A space X is called a space with endpoints if there exist a and b in X such
that X = S[a,b].
A topological property P is said to be cut point hereditary if whenever a space X has property P , then, for every x ∈ ct X ,
there exists some separation Ax|Bx of X − {x} such that each of A∗x and B∗x has property P .
3. H(i), connected spaces and cut points
Theorem 3.1. Let X be a connected space. Then
(i) X is a COTS if and only if there is a one–one, continuous function from X into a COTS.
(ii) X is a COTS with endpoints iff it admits a continuous bijection onto a space Y with endpoints.
Proof. (i) Let f : X → Y be a one–one and continuous from X into a COTS Y . For distinct points x, y, z ∈ X , f (x), f (y),
f (z) ∈ Y are distinct. Since Y is COTS, assume that f (x) separates f (y) and f (z). It follows that f −1(A f (x)) and f −1(B f (x))
are separating sets of X − {x} containing y and z respectively as f is continuous. The proof is complete.
(ii) Necessity is clear. For the converse, let f : X → Y be a one–one, onto and continuous function. Since Y is a space
with endpoints, there exist a and b in Y such that Y = S[a,b]. We have x, y ∈ X such that f (x) = a and f (y) = b because
f is onto. We prove that X = S[x, y]. First we claim that x and y are non-cut points of X . If x is a cut point of X , then
X − {x} = Ax ∪ Bx . Let u ∈ Ax and v ∈ Bx . Then f (u) ∈ f (A∗x) and f (v) ∈ f (B∗x); f (u), f (v) /∈ {a,b} as f is one–one. Y
being continuous image of X is connected and so Y is a COTS with endpoints by Theorem 3.2 of [5]. Consider the three
point set {a, f (u), f (v)}. Either f (u) separates a and f (v) or f (v) separates a and f (u). First assume that f (u) separates
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[6], A∗x and B∗x are connected. Since f is continuous, f (A∗x) and f (B∗x) are connected. It follows that S[a, f (u)] ⊂ f (A∗x) and
S[a, f (v)] ⊂ f (B∗x). Therefore S[a, f (u)] ⊂ f (A∗x) ∩ f (B∗x) = f (A∗x ∩ B∗x) = f ({x}) = {a} as f is one–one. This contradicts the
assumption that f (u) separates a and f (v), as f (u) = a. The case when f (v) separates a and f (u) is similar to the case
when f (u) separates a and f (v). Thus x is a non-cut point of X . Similarly y is a non-cut point of X . Now the theorem
follows by (i) and the fact that a COTS has at most two non-cut points by Proposition 2.5 of [6]. The proof is complete. 
Lemma 3.2. Let X be an H(i) space. Let Y be an H(i) subset of X and H a subset of X . If there is an open subset E and a closed subset
F of X such that H ⊂ E ⊂ H ∪ Y and H ⊂ F ⊂ H ∪ Y , then H ∪ Y is H(i).
Proof. Let ζ = {Gλ: λ ∈ Υ } be an open cover of H∪Y in H∪Y . Since H∪Y =⋃{Gλ: λ ∈ Υ }, H∪Y ⊂⋃{Hλ: λ ∈ Υ }, where,
for each λ ∈ Υ , Gλ = Hλ ∩ (H ∪ Y ) for some Hλ open in X . Thus X =⋃{Hλ: λ ∈ Υ } ∪ (X − F ). Ht = X − F is open in X as
F is closed in X . Let Υ ′ = {t} ∪ Υ . Since X is H(i), there exists a ﬁnite subset Υ ′′ of Υ ′ such that X =⋃{(Hλ)−: λ ∈ Υ ′′}.
Therefore E =⋃{(Hλ)− ∩ E: λ ∈ Υ ′′} ⊂⋃{(Hλ ∩ E)−: λ ∈ Υ ′′}. This implies that E ⊂⋃{(Hλ ∩ (H ∪ Y ))−: λ ∈ Υ ′′}. It can
be seen that E ⊂⋃{(Hλ ∩ (H ∪ Y ))−: λ ∈ (Υ ′′ − {t}} ∪ (clH∪Y Y ) as Ht ∩ (H ∪ Y ) ⊂ Y . Since Y is H(i), it follows that Y ⊂⋃{clH∪Y (Gλi): i = 1,2, . . . ,n} for some λ1, λ2, . . . , λn ∈ Υ . Thus H ∪ Y =⋃{(clH∪Y (Gλ)): λ ∈ ((Υ ′′ − {t})∪{λ1, λ2, . . . , λn})}.
This completes the proof. 
Lemma 3.3. Let X be a connected space. Let a,b ∈ X − ct X. If H is a separating set of X − {a,b}, then H ∪ {a,b} is connected subset
of X and a and b are non-cut points of H ∪ {a,b}.
Proof. X−{a} and X−{b} are connected as a and b are non-cut points of X . Since H is a separating subset of (X−{b})−{a}
as well as (X − {a}) − {b}, H ∪ {a} and H ∪ {b} are connected by Lemma 2.2(a) of [6]. This implies their union H ∪ {a,b} is
connected, and a and b are non-cut points of H ∪ {a,b}. 
Theorem 3.4. Let X be a connected space such that the removal of any two-point disconnected set leaves the space disconnected. Then
for a,b ∈ X − ct X and a separation H|K of X − {a,b},
(i) one of H ∪ {a,b} and K ∪ {a,b} has exactly two non-cut points;
(ii) if one of H ∪ {a,b} and K ∪ {a,b} is a COTS, then the other has exactly two non-cut points.
Proof. (i) Suppose to the contrary. Then using Lemma 3.3, there exist p ∈ H , a non-cut point of H ∪ {a,b} and q ∈ K , a non-
cut point of K ∪ {a,b}. So (H ∪ {a,b})−{p} and (K ∪ {a,b})−{q} are connected. Therefore X −{p,q} = ((H ∪ {a,b})−{p})∪
((K ∪ {a,b}) − {q}) is connected which is a contradiction to the given condition, as {p,q} is a two-point disconnected set.
This proves (i).
(ii) We suppose that H ∪ {a,b} is a COTS. We prove that K ∪ {a,b} has exactly two non-cut points. Suppose not. Then
using Lemma 3.3, there is a point q in K such that q is a non-cut point of K ∪ {a,b}. Then K ∪ {a,b} − {q} is connected.
Let p ∈ H . Since a COTS has at most two non-cut points, a and b are the only two non-cut points of H ∪ {a,b} in view of
Lemma 3.3. Therefore p is a cut point of H ∪ {a,b}. Let A|B be a separation of H ∪ {a,b} − {p} in H ∪ {a,b}. Since H ∪ {a,b}
is a COTS, both A and B are connected. We may assume that a ∈ A and b ∈ B . Therefore (K ∪ {a,b}) ∪ A is connected. This
implies that X − {p,q} = (K ∪ {a,b} ∪ A) ∪ B is connected, which is a contradiction to the given condition as {p,q} is a
two-point disconnected set. This proves that K ∪ {a,b} has exactly two non-cut points. 
Theorem 3.5. Let X be a connected space having only ﬁnitely many closed points such that the removal of any two-point disconnected
set leaves the space disconnected. Then, for a,b ∈ X and H a separating set of X − {a,b}, H ∪ {a,b} is homeomorphic to a ﬁnite
connected subspace of the Khalimsky line.
Proof. Let K be the other separating set of X − {a,b}. By Lemma 3.3, each of H ∪ {a,b} and K ∪ {a,b} is connected and a
and b are non-cut points of H ∪ {a,b} as well as K ∪ {a,b}. Since H|K is a separation of X − {a,b}, (H)− ⊂ H ∪ {a,b} and
(K )− ⊂ K ∪ {a,b}. Now it follows that each of H ∪ {a,b} and K ∪ {a,b} has only ﬁnitely many closed points, since X has
only ﬁnitely many closed points. We claim that a and b are the only non-cut points of H ∪ {a,b} as well as K ∪ {a,b}. By
Theorem 3.4(i), one of H ∪ {a,b} and K ∪ {a,b} has exactly two non-cut points. If H ∪ {a,b} has exactly two non-cut points,
by Theorem 3.17 of [5], H ∪ {a,b} is homeomorphic to a ﬁnite connected subspace of the Khalimsky line. We suppose that
K ∪ {a,b} has exactly two non-cut points. Now by Theorem 3.17 of [5], K ∪ {a,b} is homeomorphic to a ﬁnite connected
subspace of the Khalimsky line; so K ∪{a,b} is a COTS by deﬁnition of the Khalimsky line. Thus by Theorem 3.4(ii), H∪{a,b}
has exactly two non-cut points. Now again using Theorem 3.17 of [5], H ∪ {a,b} is homeomorphic to a ﬁnite connected
subspace of the Khalimsky line. This completes the proof. 
The following two lemmas strengthen Lemmas 3.2 and 3.3 of [4].
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a chain of sets of the form A∗x , x ∈ ct X, whose union contains H, then for each A∗x ∈ ς , there exists A∗y ∈ ς such that y = x and x ∈ A∗y .
Proof. Suppose that there is some A∗x ∈ ς such that x /∈ A∗y for all A∗y ∈ ς , y = x. Then A∗x ⊂ A∗y for all A∗y ∈ ς , y = x. Since
ς is a chain, A∗y ⊂ A∗x for all A∗y ∈ ς , y = x. Thus H ⊂ A∗x . This contradicts the given condition as, by Lemma 2.2(a) of [6],
A∗x is connected. Hence the result holds. 
Lemma 3.7. Let X be a connected space. Let H be a subset of X such that there is no proper connected subset of X containing H. Let ς
be a chain of sets of the form A∗x , x ∈ ct X, whose union contains H. Then the union of interiors of members of ς contains H.
Proof. Let y ∈ H . Then y ∈ A∗x for some A∗x ∈ ς . If y = x, then y ∈ Ax . Now, by Lemma 3.1 of [4], y ∈ (A∗x)o . If y = x, then
by Lemma 3.6, there exists A∗z ∈ ς such that z = x and x ∈ A∗z . Again by the use of Lemma 3.1 of [4], x ∈ (A∗z )o . This shows
that the union of interiors of members of ς contains H . 
The following lemma strengthens Lemma 3.9 of [5].
Lemma 3.8. Let X be a connected space. Let H be a non-empty subset of X . If ς is a chain of sets of the form A∗x , x ∈ ct X, whose union
contains H, then for any y, z in H, y = z, there is some A∗x in ς such that S[y, z] ⊂ A∗x .
Proof. By the given condition, there exist A∗x and A∗t in ς such that y ∈ A∗x and z ∈ A∗t . Since ς is a chain, we suppose that
A∗t ⊂ A∗x . Thus y, z ∈ A∗x . Let r ∈ S(y, z). If r /∈ A∗x , then A∗x ⊂ X −{r} = Ar(y)∪ Br(z). Since A∗x is connected by Lemma 2.2(a)
of [6], either A∗x ⊂ Ar(y) or A∗x ⊂ Br(z), but this is not possible as y, z ∈ A∗x . Therefore r ∈ A∗x . Thus S[y, z] ⊂ A∗x . 
Lemma 3.9. Let H be a subset of a connected space X. Let Y be a proper non-empty connected subset of H such that H − Y ⊂ ct X.
Then for any distinct points y1, y2, . . . , yn and z1, z2, . . . , zn in H,
⋃{S[yi, zi]: i = 1,2, . . . ,n} ⊂ A∗x(Y ) for some x ∈ H − Y .
Proof. By Theorem 3.4 of [5], there is a chain α of proper connected sets of the form A∗x(Y ) where x ∈ H − Y , union
of whose members contains H . Let y1, y2, . . . , yn and z1, z2, . . . , zn be distinct points in H . Using Lemma 3.8, there exist
A∗x1 (Y ), A
∗
x2 (Y ), . . . , A
∗
xn (Y ) in α such that S[yi, zi] ⊂ A∗xi (Y ), i = 1,2, . . . ,n. This implies that
⋃{S[yi, zi]: i = 1,2, . . . ,n} ⊂⋃{A∗xi (Y ): i = 1,2, . . . ,n}. Since α is a chain, we know that for some j ∈ {1, . . . ,n},
⋃{A∗xi (Y ): i = 1,2, . . . ,n} ⊂ A∗x j (Y ).
Thus
⋃{S[yi, zi]: i = 1,2, . . . ,n} ⊂ A∗x j (Y ). This completes the proof. 
In the following theorem we strengthen Theorem 3.10 of [5].
Theorem 3.10. Let H be a subset of a connected space X. Let Y be a proper non-empty connected subset of H such that H − Y ⊂ ct X.
If there is no proper connected subset of X containing H, then H ⊂⋃{S[yi, zi]: i = 1,2, . . . ,n} for any distinct y1, y2, . . . , yn and
z1, z2, . . . , zn in H.
Proof. By Lemma 3.9,
⋃{S[yi, zi]: i = 1,2, . . . ,n} ⊂ A∗x(Y ) for some x ∈ H − Y . If H ⊂
⋃{S[yi, zi]: i = 1,2, . . . ,n}, then
H ⊂ A∗x(Y ) which is a contradiction to the given condition, as A∗x(Y ) is connected by Lemma 2.2(a) of [6]. Hence H ⊂⋃{S[yi, zi]: i = 1,2, . . . ,n}. 
Lemma 3.11. Let X be a connected space. Let a,b ∈ X − ct X. Let H be a separating set of X − {a,b}. Then
(I) there is an open subset E and a closed subset F of X such that H ⊂ E ⊂ H ∪ {a,b} and H ⊂ F ⊂ H ∪ {a,b};
(II) if X is H(i), then H ∪ {a,b} is H(i).
Proof. (I) Let K be the other separating set of X − {a,b}. Then (H)− ⊂ H ∪ {a,b} and (K )− ⊂ K ∪ {a,b}. Therefore (H)− ∈
{H, H ∪ {a}, H ∪ {b}, H ∪ {a,b}} and (K )− ∈ {K , K ∪ {a}, K ∪ {b}, K ∪ {a,b}}.
The cases (H)− = H and (K )− = K ∪ {a,b}; (H)− = H ∪ {a} and (K )− = K ∪ {b}; (H)− = H ∪ {b} and (K )− = K ∪ {a};
(H)− = H ∪ {a,b} and (K )− = K cannot hold as X is connected. The cases (H)− = H and (K )− = K ∪ {a}; (H)− = H and
(K )− = K ∪ {b}; (H)− = H ∪ {a} and (K )− = K ; (H)− = H ∪ {b} and (K )− = K ; (H)− = H ∪ {a} and (K )− = K ∪ {a,b};
(H)− = H ∪ {b} and (K )− = K ∪ {a,b}; (H)− = H ∪ {a,b} and (K )− = K ∪ {a}; (H)− = H ∪ {a,b} and (K )− = K ∪ {b} cannot
hold as a,b ∈ X − ct X . Now we are left with the following four cases:
(i) (H)− = H and (K )− = K ;
(ii) (H)− = H ∪ {a,b} and (K )− = K ∪ {a,b};
(iii) (H)− = H ∪ {a} and (K )− = K ∪ {a};
(iv) (H)− = H ∪ {b} and (K )− = K ∪ {b}.
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H ∪ {a,b} the proof of (I) is complete.
(II) follows using (I) and Lemma 3.2. 
The following theorem is a generalization of Theorem 4.1 of [5].
Theorem 3.12. Let X be an H(i) connected space such that the removal of any two-point disconnected set leaves the space discon-
nected. For a,b ∈ X, let H be a separating set of X − {a,b}. Then H ∪ {a,b} is a T1/2 H(i) COTS with endpoints.
Proof. By Corollary 3.13 of [4], ct X = ∅. Let K be the other separating set of X −{a,b}. Using Lemmas 3.3 and 3.11(II), each
of H ∪ {a,b} and K ∪ {a,b} is H(i) and connected. By Theorem 3.4(i), one of H ∪ {a,b} and K ∪ {a,b} has exactly two non-
cut points. If H ∪ {a,b} has exactly two non-cut points, H ∪ {a,b} is a COTS with endpoints by Remark 4.5 of [4]. Suppose
K ∪ {a,b} has exactly two non-cut points. Then using Theorem 4.4 of [4], K ∪ {a,b} is a COTS. Now, by Theorem 3.4(ii),
H ∪ {a,b} has exactly two non-cut points; therefore by Remark 4.5 of [4], H ∪ {a,b} is a COTS with endpoints. Now by
Proposition 2.9 of [6], H ∪ {a,b} is T1/2 and the proof is complete. 
4. The non-cut point existence theorem
While [4] was being considered for publication, the referee asked whether the characterization of H(i) COTS with end-
points holds without the assumption of H(i). In an earlier version of [4], it was remarked that there may exist non-H(i)
COTS with endpoints. In support of this, Example 4.7 of [4] was suggested by the referee. Getting an idea from this example,
we obtain a characterization of COTS with endpoints. We prove that a connected space X has at most two non-cut points
and an H(i) subset H such that there is no proper connected subset of X containing H iff X is a COTS with endpoints.
Lemma 4.1. Let X be a connected space. Let H be a subset of X such that there is no proper connected subset of X containing H. Let ς
be a chain of members of the form A∗x , x ∈ ct X, union of whose members contains H. Then H is not H(i).
Proof. By Lemma 3.7, the union of interiors of members of ς contains H . Suppose H is H(i). Then there exists a ﬁnite
subfamily ς ′ of ς such that H =⋃{clH ((A∗x)o ∩ H): A∗x ∈ ς ′}. This implies that H ⊂ (A∗p)− for some A∗p ∈ ς ′ . Now {p} is
either closed or open by Lemma 3.1 of [4].
Case (i): {p} is closed. By Lemma 3.1 of [4], Bp is open in X , therefore X − Bp = A∗p is closed. So H ⊂ A∗p which is a
contradiction to the given condition as A∗p is connected by Lemma 2.2(a) of [6].
Case (ii): {p} is open. Then Ap is closed by Lemma 3.1 of [4]. Therefore H ⊂ (Ap ∪ {p})− = (Ap) ∪ ({p})− . Now using
Lemma 3.4, for A∗p ∈ ς , there exists A∗y ∈ ς such that y = p and p ∈ A∗y . This implies that p ∈ Ay ; ({p})− ⊂ (Ay)− . Therefore
H ⊂ (Ap) ∪ ({p})− ⊂ (Ap) ∪ (Ay)− and so H ⊂ Ap ∪ A∗y as y is an element of separation. Since ς is a chain, either A∗p ⊂ A∗y
or A∗y ⊂ A∗p . Thus either H ⊂ A∗p or H ⊂ A∗y . This gives a contradiction to the given condition as each of A∗p and A∗y is
connected by Lemma 2.2(a) of [6].
A contradiction in both cases proves that H is not H(i). 
The following result is the non-cut point existence theorem for a subclass of connected spaces. It strengthens Theo-
rem 3.4 of [4] and is also applicable to non-H(i) spaces like appearing in Example 4.7 of [4].
Theorem 4.2. Let X be a connected space. Let H be an H(i) subset of X such that there is no proper connected subset of X containing
H. Then H contains at least two non-cut points of X .
Proof. Suppose to the contrary. Then H ∩ (X − ct X) has at most one element. There exists some a ∈ H such that H − {a} ⊂
ct X . Taking Y = {a} in Theorem 3.4 of [5], we get a chain of proper connected sets of the form A∗x(a) where x ∈ H − {a},
the union of whose members contains H . This leads to a contradiction to Lemma 4.1. Thus H contains at least two non-cut
points of X . This completes the proof. 
Using Theorem 4.2, we get a generalization of Theorem 3.10 of [4].
Theorem 4.3. Let X be a connected space. If there exists an H(i) subset H of X such that there is no proper connected subset of X
containing H, then there is no proper connected subset of X containing X − ct X.
Proof. By Theorem 4.2, X − ct X = ∅. For a proper non-empty connected subset Y of X with X − ct X ⊂ Y , by Lemma 3.11
of [5], there exists an inﬁnite chain of proper connected sets of the form A∗x(Y ) where x ∈ X − Y , x a closed point of X ,
covering X . This leads to a contradiction to Lemma 4.1. The proof is complete. 
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to be COTS with endpoints.
Theorem 4.4. Let X be a connected space with at most two non-cut points. Then X is a COTS with endpoints if and only if X has an
H(i) subset H such that there is no proper connected subset of X containing H.
Proof. If X has an H(i) subset H such that there is no proper connected subset of X containing H , then, by Theorem 4.2,
X has at least two non-cut points. Therefore, by given condition, X has exactly two non-cut points, say, a and b. Let
x ∈ X −{a,b}. By Lemma 2.2(a) of [6], each of A∗x and B∗x is connected. By Theorem 4.3, there is no proper connected subset
of X containing X − ct X . But X − ct X = {a,b}. So a ∈ Ax and b ∈ Bx or conversely. This implies that x ∈ S(a,b). Hence
X = S[a,b]. Now by Theorem 3.2 of [5], X is a COTS with endpoints a and b. If X is a COTS with endpoints, then X is a
connected space with endpoints; therefore there is no proper connected subset of X containing the set of endpoints. The
proof is complete. 
5. A cut point hereditary property and non-cut points
Theorem 5.1. Let P be a cut point hereditary property. Let X be a connected space having the property P . Let Y be a proper non-empty
connected subset of a subset H of X such that H − Y ⊂ ct X. Then
(i) there exists an inﬁnite chain α of connected sets of the form A∗x(Y ) where x ∈ X − Y and A∗x(Y ) has property P , union of whose
members contains H ;
(ii) if there is no proper connected subset of X , having property P and containing H, then H ⊂⋃{S[yi, zi]: i = 1,2, . . . ,n} for any
distinct points y1, y2, . . . , yn and z1, z2, . . . , zn in H.
Proof. (i) Let Ω = {A: A = A∗x(Y ) for some separating set Ax(Y ) of X −{x}, x ∈ H −Y and A∗x(Y ) has property P }. Since Y is
a proper subset of H , there is some x ∈ H − Y . Since H − Y ⊂ ct X , x is a cut point of X . Using that P is a cut point property,
it follows that there exists some separation Ax|Bx of X − {x} such that each of A∗x and B∗x has property P ; therefore Ω is
non-empty. Now following the proof of Theorem 3.4 of [5] (with ς = Ω), there is a chain α in Ω , union of whose members
contains H .
(ii) By (i) and Lemma 3.8, there exist A∗x1 (Y ), A
∗
x2 (Y ), . . . , A
∗
xn (Y ) in α such that S[yi, zi] ⊂ A∗xi (Y ), i = 1,2, . . . ,n. This im-
plies that
⋃{S[yi, zi]: i = 1,2, . . . ,n} ⊂⋃{A∗xi (Y ): i = 1,2, . . . ,n}. Since α is a chain, we know that for some j ∈ {1, . . . ,n},⋃{A∗xi (Y ): i = 1,2, . . . ,n} ⊂ A∗x j (Y ). Thus
⋃{S[yi, zi]: i = 1,2, . . . ,n} ⊂ A∗x j (Y ). If H ⊂
⋃{S[yi, zi]: i = 1,2, . . . ,n}, then
H ⊂ A∗x j (Y ) which is a contradiction to the given condition, as A∗x j (Y ) is connected by Lemma 2.2(a) of [6]. Hence
H ⊂⋃{S[yi, zi]: i = 1,2, . . . ,n}. This completes the proof. 
Lemma 5.2. Let P be a cut point hereditary property. Let X be a connected space having the property P . Let H be a non-empty subset
of X such that there is no proper connected subset of X , having property P and containing H. If ς is a chain of members of the form
A∗x , where x ∈ ct X and A∗x has property P , union of whose members contains H, then for each A∗x ∈ ς , there exists A∗y ∈ ς such that
y = x and x ∈ A∗y .
Proof. Suppose that there is some A∗x ∈ ς such that x /∈ A∗y for all A∗y ∈ ς , y = x. Then A∗x ⊂ A∗y for all A∗y ∈ ς , y = x. Since
ς is a chain, A∗y ⊂ A∗x for all A∗y ∈ ς , y = x. Thus H ⊂ A∗x . Now A∗x is connected by Lemma 2.2(a) of [6]. Thus we get a
contradiction to the given condition as A∗x has property P . The proof is complete. 
Lemma 5.3. Let P be a cut point hereditary property. Let X be a connected space having the property P . Let H be a non-empty subset
of X such that there is no proper connected subset of X , having property P and containing H. If ς is a chain of sets of the form A∗x ,
where x ∈ ct X and A∗x has property P , union of whose members contains H, then
(I) the union of interiors of members of ς also contains H;
(II) H is not H(i).
Proof. (I) Let y ∈ H . Then y ∈ A∗x for some A∗x ∈ ς . If y = x, then y ∈ Ax . Now, by Lemma 3.1 of [4], y ∈ (A∗x)o . If y = x, then
by Lemma 5.2, there exists A∗z ∈ ς such that z = x and x ∈ A∗z . Again by the use of Lemma 3.1 of [4], x ∈ (A∗z )o . This shows
that the union of interiors of members of ς also contains H .
(II) By (I), the union of interiors of members of ς contains H . Suppose H is H(i). Then there exists a ﬁnite subfamily ς ′
of ς such that H =⋃{clH ((A∗x)o) ∩ H: A∗x ∈ ς ′}. This implies that H ⊂ (A∗p)− for some A∗p ∈ ς ′ . Now {p} is either closed or
open by Lemma 3.1 of [4].
Case (i): {p} is closed. By Lemma 3.1 of [4], Bp is open in X , therefore X − Bp = A∗p is closed. So H ⊂ A∗p which is a
contradiction to the given condition as A∗p is connected by Lemma 2.2(a) of [6].
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Lemma 5.2, for A∗p ∈ ς , there exists A∗y ∈ ς such that y = p and p ∈ A∗y . This implies that p ∈ Ay ; ({p})− ⊂ (Ay)− . Therefore
H ⊂ (Ap) ∪ ({p})− ⊂ (Ap) ∪ (Ay)− and so H ⊂ Ap ∪ A∗y as y is an element of separation. Since ς is a chain, either A∗p ⊂ A∗y
or A∗y ⊂ A∗p . Thus either H ⊂ A∗p or H ⊂ A∗y . This gives a contradiction to the given condition as each of A∗p and A∗y is
connected by Lemma 2.2(a) of [6].
A contradiction in both cases proves that H is not H(i). 
The following result is the non-cut point existence theorem for a subclass of connected spaces and every cut point
hereditary property.
Theorem 5.4. Let P be a cut point hereditary property. Let X be a connected space having the property P . Let H be an H(i) subset of X
such that there is no proper connected subset of X , having property P and containing H. Then H contains at least two non-cut points
of X .
Proof. Suppose to the contrary. Then H ∩ (X − ct X) has at most one element. There exists some a ∈ H such that H − {a} ⊂
ct X . Let Y = {a}. By Theorem 5.1(i), we get an inﬁnite chain α of proper connected sets of the form A∗x(Y ) where x ∈ X − Y
and A∗x(Y ) has property P , union of whose members contains H . By Lemma 5.3(II), H is not H(i), a contradiction. Thus H
contains at least two non-cut points of X . This completes the proof. 
Lemma 5.5. Let P be a cut point hereditary property. Let X be a connected space having the property P . If Y is a proper non-empty
connected subset of X containing X − ct X, then there exists an inﬁnite chain of proper connected sets of the form A∗x(Y ) where
x ∈ X − Y , x a closed point of X and A∗x(Y ) has property P , covering X.
Proof. Let x ∈ X − Y ⊂ ct X . Since Y ⊂ X − {x} = Ax ∪ Bx and Y is connected, either Y ⊂ Ax or Y ⊂ Bx . We suppose that
Y ⊂ Ax . This implies that Bx ⊂ ct X . Using Lemma 3.5 of [2], Bx contains a closed point, say y, of X . Since y is a cut point of
X , it follows that there exists some separation Ay|B y of X−{y} such that each of A∗y and B∗y has property P as the property
P is cut point hereditary. Now Ω = {A: A = A∗x(Y ) for some separating set Ax(Y ) of X − {x}, x ∈ X − Y , x a closed point of
X and A∗x(Y ) has property P } is a non-empty partially ordered set under set inclusion. By the Hausdorff Maximal Principle,
there exists a maximal chain say α in Ω . Members of the chain are connected by Lemma 2.2(a) of [6]. The union W of
members of α is a connected subset of X as α is a chain and members of α are connected. Let y ∈ X − W . Then y ∈ X − Y
as Y ⊂ W . By the given condition, y ∈ ct X . Therefore W ⊂ X − {y} = Ay(Y ) ∪ B y . Since W is connected and Y ⊂ W , so
W ⊂ Ay(Y ). By Lemma 3.5 of [2], B y contains a closed point say t of X . Since the property P is cut point hereditary, there
exists some separation At |Bt of X −{t} such that each of A∗t (Y ) and B∗t has property P . We have W ⊂ X −{t} = At(Y )∪ Bt .
This implies that W ⊂ At(Y ). Thus we get a chain α ∪ {A∗t (Y )} in Ω containing α properly. This proves that X = W . 
Theorem 5.6. Let P be a cut point hereditary property. Let X be a connected space having the property P . If there exists an H(i) subset
H of X such that there is no proper connected subset of X , having property P and containing H, then there is no proper connected
subset of X containing X − ct X.
Proof. By Theorem 5.4, X−ct X = ∅. Let Y be a proper non-empty connected subset of X containing X−ct X . By Lemma 5.5,
there exists an inﬁnite chain of proper connected sets of the form A∗x(Y ) where x ∈ X − Y , x a closed point of X and A∗x(Y )
has property P , covering X . This leads to a contradiction to Lemma 5.3(II). The proof is complete. 
Theorem 5.7. Let P be a cut point hereditary property. Let X be a connected space having the property P . Then X is a COTS with
endpoints if and only if X has at most two non-cut points and has an H(i) subset H such that there is no proper connected subset of
X , having property P and containing H.
Proof. If X has an H(i) subset H such that there is no proper connected subset of X , having property P , containing H , then,
by Theorem 5.4, X has at least two non-cut points. Therefore, by given condition, X has exactly two non-cut points, say, a
and b. Let x ∈ X − {a,b}. By Lemma 2.2(a) of [6], each of A∗x and B∗x is connected. There is no proper connected subset of X
containing X − ct X by Theorem 5.6. But X − ct X = {a,b}. So a ∈ Ax and b ∈ Bx or conversely. This implies that x ∈ S(a,b).
Hence X = S[a,b]. Now by Theorem 3.2 of [5], X is a COTS with endpoints a and b. On the other hand, if X is a COTS with
endpoints, then X is a connected space with endpoints; therefore there is no proper connected subset of X containing the
set of endpoints. The proof is complete. 
Remark 5.8. For connected spaces, Lemma 3.1 of [4] is helpful to know that a topological property is cut point hereditary
in the case of many topological properties like compact, countably compact, Lindeloff, paracompact, D-space (see [1]), aD-
space (see [1]) and linearly D-space [3] because if X is a connected space, then, for x ∈ ct X , either Ax or A∗x is closed; in the
cases of D-space, aD-space, linearly D-space, we need to use Proposition 1.2 of [1], and Proposition 2.7A and Theorem 3.1
of [3].
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countable open cover of X has a ﬁnite subcollection such that the closures of the members of that subcollection cover X .
Following the proof of Lemma 3.6 of [3], it can be shown using Lemma 3.1 of [4] that if X is a countably H(i) and connected,
then for every cut point x ∈ X , A∗x is countably H(i). This proves that countably H(i) is cut point hereditary for connected
spaces.
6. Compact COTS with endpoints
In this section we make use of the theory of cut points to obtain some characterizations of the closed unit interval. Some
characterizations of compact COTS with endpoints are also obtained.
Theorem 6.1. Let X be a locally connected space.
(i) If X is a COTS having at least two non-cut points, then X is a compact space with exactly two non-cut points;
(ii) If X is a connected space with endpoints, then X is a compact COTS with exactly two non-cut points;
(iii) If X is a connected space admitting a continuous bijection onto a space with endpoints, then X is a compact COTS with exactly
two non-cut points.
Proof. (i) By Proposition 2.5 of [6], a COTS has at most two non-cut points. So by given condition, X has exactly two
non-cut points. Therefore by deﬁnition of COTS, X is a space with endpoints. Now (i) follows by Theorem 4.4 of [5].
(ii) By Theorem 3.2 of [5], X is a COTS with exactly two non-cut points. Now (ii) follows by (i).
(iii) By Theorem 3.1(ii), X is a COTS with endpoints. Now (iii) follows by (ii). 
Corollary 6.2. Let X be a T1 separable and locally connected space.
(i) If X is a COTS having at least two non-cut points, then X is homeomorphic with the closed unit interval;
(ii) If X is a connected space with endpoints, then X is homeomorphic with the closed unit interval;
(iii) If X is a connected space admitting a continuous bijection onto a space with endpoints, X is homeomorphic with the closed unit
interval.
Proof. (i) By Theorem 6.1(i), X is a compact space with exactly two non-cut points. X being a T1 COTS is Hausdorff, by
Proposition 2.9 of [6]. Therefore X is homeomorphic with the closed unit interval by Theorem 122 of [7]. (ii) follows using
(i) and Theorem 3.2 of [5]. (iii) follows using (i) and Theorem 3.1(ii). 
Theorem 6.3. Let X be a connected and locally connected space with at most two non-cut points. If X has an H(i) subset H such that
there is no proper connected subset of X containing H, then X is a compact COTS with endpoints.
Proof. By Theorem 4.4, X is a COTS with endpoints. Now the theorem follows by Theorem 6.1(ii). 
Now we get the following corollary, using Corollary 6.2(i).
Corollary 6.4. Let X be a T1 separable, connected and locally connected space with at most two non-cut points. If X has an H(i) subset
H with the property that there is no proper connected subset of X containing H, then X is homeomorphic with the closed unit interval.
Theorem 6.5. Let X be a connected and locally connected space with at most two non-cut points and such that X has a topological
property P which is cut point hereditary. If X has an H(i) subset H such that there is no proper connected subset of X , having
property P , containing H, then X is a compact COTS with endpoints.
Proof. By Theorem 5.7, X is a COTS with endpoints. Now the theorem follows by Theorem 6.1(ii). 
Theorem 6.5 coupled with Corollary 6.2(i) gives the following corollary.
Corollary 6.6. Let X be a T1 separable, connected and locally connected space with at most two non-cut points. If X has a topolog-
ical property P which is cut point hereditary and has an H(i) subset H such that there is no proper connected subset of X , having
property P , containing H, then X is homeomorphic with the closed unit interval.
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